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A nonempty finite set of positive integers A is relatively prime if gcd(A) = 1 and it is 
relatively prime to n if gcd(A U {n}) = 1. The number of nonempty subsets of A which are 
relatively prime to n is Q(A,n) and the number of such subsets of cardinality k is $fc(/l,n). 
Given positive integers li, l 2 , m 2 , and n such that l\ < l 2 < m 2 we give $([1, mi] U [l 2 , m 2 ], n) 
along with $fc([l,mi] U [l 2 ,m 2 ],n). Given positive integers I, m, and n such that I < m 
we count for any subset A of {I, I + 1, . . . , m} the number of its supersets in [l,m] which 
are relatively prime and we count the number of such supersets which are relatively prime 
to n. Formulas are also obtained for corresponding supersets having fixed cardinalities. 
Intermediate consequences include a formula for the number of relatively prime sets with a 
nonempty intersection with some fixed set of positive integers. 
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1. Introduction 

Throughout let k, I, m, n be positive integers such that / < m, let [I, m] = {1,1 + 1, ... , m}, 
let n be the Mobius function, and let |_^J be the floor of x. If A is a set of integers and d ^ 0, 
then ^ = {a/d : a E A}. A nonempty set of positive integers A is called relatively prime 
if gcd(v4) = 1 and it is called relatively prime to n if gcd(A U {n}) = gcd(v4, n) = 1. Unless 
otherwise specified A and B will denote nonempty sets of positive integers. We will need 
the following basic identity on binomial coefficients stating that for nonnegative integers 
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Definition 1. Let 



$(A,ri) = #{A C A 
$ k (A,n) = #{XCA 
f(A) = #{ia 
f k (A) = #{ia 



A ^ and gcd(A,n) = 1}, 
#A = fc and gcd(A,n) = 1}, 
A ^ and gcd(A) = 1}, 
#A = jfc and gcd(A) = 1}. 



Nathanson in [5] introduced f(n), fk(n), $(n), and $fc(n) (in our terminology /([l,n]), 
n]), $([1, n],n), and $fc([l, n], n) respectively) and gave their formulas along with 
asymptotic estimates. Formulas for /([m, n]), /fc([m, n]), $([m, n],n), and $fc([m, n],n) are 
found in [3l [6] and formulas for $([l,m],n) and to], n) for m < n are obtained in [I]. 

Recently Ayad and Kihel in [2] considered phi functions for sets which are in arithmetic pro- 
gression and obtained the following more general formulas for $([Z,m],n) and to], n). 

Theorem 1. We have 

(a) $([l,m],n) = ^(d) 2^-^-1)/^ 

d\n 

(b) MVM,n)^w( lm/di -f- 1)/dl 

d\n ^ 



2. Relatively prime subsets for [l,mi] U [Z 2 ,m 2 ] 



If [1, mi] fl [12,^2] = 0, then phi functions for [1, mi] U [Z 2 , m2] = [1, m 2 ] are obtained by 
Theorem 1. So we may assume that 1 < mi < l 2 < m 2 . 

Lemma 1. Let 

*(mi, l 2 , m 2 , n) = #{A C [1, mi] U [l 2 , m 2 ] : h e A and gcd(A, n) = 1}, 

*fc(mi, Z 2 ,m 2 ,n) = #{A C [l,TOi] U [Z 2 ,m 2 ] : h £ X, \X\ = k, and gcd(A, n) = 1}. 
Then 

(a) y(m 1 ,l2,m 2 ,Ti) = ^ /i ( rf ) 2 Lmi/dJ+Lm2/dJ - /2/(i , 



<*|(ia,n) 

(b) * fc (mi,i 2 ,m 2 ,n) = /x(d) 

rf|(«2,n) 



[mi/dj + [m 2 /c?J - l 2 /d 
k-l 



Proof, (a) Assume first that m 2 < n. Let P(m 1 , / 2 , m 2 ) denote the set of subsets of [1, mi] U 
[l 2 , m 2 ] containing l 2 and let V(mi, l 2 , m 2 , d) be the set of subsets A of [1, mi] U [l 2 , m 2 ] such 
that l 2 G A and gcd(A, n) = d. It is clear that the set V(mi, l 2 , m 2 ) of cardinality 2 mi+m2_/2 
can be partitioned using the equivalence relation of having the same gcd (dividing l 2 and n). 
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Moreover, the mapping A i— ► is a one-to-one correspondence between V(mi, l 2 , tti 2 , d) and 
the set of subsets F of [1, [mi/^J] U IW^j L m 2/^J] such that l 2 /d G F and gcd(F, n/d) = 1. 
Then 

#V(m 1 ,l 2 ,m 2 ,d) = ^(Lmx/dJ, Z 2 /cf, L m 2/^J , n/rf). 

Thus 

2mi+m2 _ /2= #p( mi: l 2) m 2: d)= Yl ^([mi/d\,l 2 /d,[m 2 /d\,n/d), 

d\{h,ri) d\(h,n) 

which by the Mobius inversion formula extended to multivariable functions [HI Theorem 2] 
is equivalent to 

*(mi,Z 2 ,m2,n)= ^ ^(^2^1/^+^/^-^/^ 

d|(«2,n) 

Assume now that m 2 > n and let a be a positive integer such that m 2 < n a . As gcd(X, n) = 1 
if and only if gcd(X, n a ) = 1 and fj,(d) = whenever d has a nontrivial square factor, we 
have 

*(mi, Z 2 , w 2) n) = $(mi, Z 2 , m 2 , n a ) 

d\(h,n a ) 

_ ^^^2L' m i/ d J + L m 2/c(J-«2/rf_ 

<2|(Z 2 ,n) 

(b) For the same reason as before, we may assume that m 2 < n. Noting that the 
correspondence X i— > ^X defined above preserves the cardinality and using an argument 
similar to the one in part (a), we obtain the following identity 



m 1 + m 2 - l 2 
k-1 



^k{[mi/d\,l 2 /d,[m 2 /d\,n/d) 

d\(h,n) 



which by the Mobius inversion formula [3, Theorem 2] is equivalent to 

d\(h,n) ^ ' 

as desired. □ 



Theorem 2. We have 

(a) mhm,} U [l 2 ,m 2 ],n) = ^//(d)2^J+L^J-L 



Hi \ , / 11 ■ > I 



d 

d\n 

m 2 I _ I h—]_ 



f\ mi I , I ma I _ I / 2 -l I 

(b) U [Z 2 ,m 2 ],n) = f fc " 

d\n ^ 
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(2) 



Proof, (a) Clearly 

$([l,mi] U [Z 2 ,m 2 ],n) = $([l,mi] U [l 2 - l,m 2 ],n) - *(mi,/ 2 - l,m 2 ,n) 

= $([1, mi] U [mi + 1, m 2 ], n) — $(mi, z, m 2 , n) 

j=mi+l 

= $([l,m 2 ]- 2J ^(m 1 ,i,m 2 ,n) 

i=m\+l 

d|n i=mi+l d|(n,i) 

where the last identity follows by Theorem 1 for Z = 1 and Lemma 1. Rearranging the last 
summation in ([2]) gives 



=mi+l d|(n,i) din i=mi+l 

d\i 



m 1 I 1 I m 9 



Now combining identities ([H [3]) yields the result, 
(b) Proceeding as in part (a) we find 



d|n i=mi+l d| (n,i) 

Rearranging the last summation on the right of (j4]) gives 



1,-1 



e e( 1?j ;1! h )^« e p;if J - j ' 



d|n i=L ^ij + L ^j_ L i^ij 



EM d ) 



k J \ k 



(3) 



/im2|\ '2l /I roi I I I m 2 I i\ 

$ fc ([l,mi]U[/ 2 ,m 2 ],n) = ^Mrf)( L ^J- £ E^)( * k _{ ( 4 ) 



E.W E f ' ) (5 > 



where the last identity follows by formula (TjQ). Then identities OH [5]) yield the desired 
result. □ 
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Definition 2. Let 

e(A, B, n) = #{X C B : X ^ 0, X n A = 0, and gcd(X, n) = 1}, 
e fc (A, 5, n) = #{X C5: #X = fc, X n A = 0, and gcd(X, n) = 1}. 

If B — [1, n] we will simply write n) and £fc(^4, ft) rather than e(A, [1, ra], n) and £fc(A, [1, n], n) 
respectively. 

Theorem 3. If I < m < n, then 

(a) e([l,m],n) = 2 L(i-i)/dJ+»/d- L«»/dj ? 

<2|n 

(b) et( |j, m ], B) = x; m«o ( [( ' _ 1)/dl + i lld ~ [m/dl ) 

d\n ^ ' 

Proof. Immediate from Theorem 2 since 
e([l,m},n) = $([1, / - 1] U [m + and e k ([l,m],n) = $ fe ([l, / - 1] U [m + l,n],n). 

□ 



3. Relatively prime supersets 



In this section the sets A and B are not necessary nonempty. 



Definition 3. U AC B let 

$(A,B,n) = #{X C B 
$ fc (A,B,n) = #{IC5 
M5) = #{ICB 
/,(A,B) = #{ICB 



X ^ 0, iCI, and gcd(X,n) = 1}, 
ACI, #X = k, and gcd(X,n) = 1}, 
X 0, iCI, and gcd(X) = 1}, 
#X = k, A C X, and gcd(X) = 1}. 



The purpose of this section is to give formulas for /(A, [Z,m]), ff.{A, [Z,m]), 3>(A, [Z,m],n), 
and for any subset A of [Z,m]. We need a lemma. 

Lemma 2. If A C [l,m], then 

(a) $(A,[l,m],n) = v(d)2 [m/dl ~* A , 

d\(A,n) 

(b) ® k (A, [l,m],n) = M^f^Y^ ~ whenever #A < k < m. 



d\(A,n) 



k-#A 
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Proof. If A = 0, then clearly 

W(A, [1, m],n) = $([l,m],n) and $ fc (v4, [l,m],n) = $fc([l,m],n) 

and the identities in (a) and (b) follow by Theorem 1 for 1 = 1. Assume now that A ^ 0. If 
m < n, then 

2 m-#A = ^2 ^,[l,[m/d\],n/d) 

d\(A,n) 

and 

(l-£f) = S M^*(4,[l,LWdJ],n/d) 

^ ^ d\(A,n) 

which by Mobius inversion Theorem 2] are equivalent to the identities in (a) and in (b) 
respectively. If m > n, let a be a positive integer such that m < n a . As gcd(X, n) = 1 if and 
only if gcd(X, n a ) = 1 and fi(d) = whenever d has a nontrivial square factor we have 

[l,m],n) = [l,m],n a ) 

= ^ fx(d)2^-* A 

d\(A,n a ) 

= v(d)^ m/dl -* A - 

d\(A,ri) 

The same argument gives the formula for [l,m],n). □ 

Theorem 4. If A C [l,m], then 

(a) $(A,p,m],n) = ^ /i(c2)2 Lm/dJ - L( '- 1)/dJ - #A , 

rf|(A,n) 

(b) $ fc (A, [Z, m],n)= Kd)(^ m/ ^ ~ fSjl^ " whenever #A < k < m-l+1. 

d\(A,n) ^ if J 

Proof. If A = 0, then clearly 

[Z,m],n) = $([Z,m],n) 

and 

$ fc (A, [Z,m],n) = $ fe ([Z,m],n) 

and the identities in (a) and (b) follow by Theorem 1. 
Assume now that A ^ 0. Let 

Z, m, n) = #{X C [Z, m] : A U {/} C X, and gcd(X, n) = 1}. 
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Then 



2 m-i^A = *(-,l/d,lm/d\,n/d), 

d\{A,l,n) 

which by Mobius inversion [31 Theorem 2] means that 



V{A,l,m,n)= Kd)2 [m/di ~ l/d ~ #A - 

d\{A,l,n) 

Then combining identity ([6]) with Lemma 2 gives 

i-i 

[l,m],n) = $(L4, [l,m],n) - ^ ^{i, m, A, n) 



i=i 



z-i 



]T //(d)2LWdJ-#A_^ ^ ^ (d)2 Lm/ d j-i/rf-#^ 

d\(A,n) i=l d\ (A,i,n) 

L(i-i)/dj 

£ M (rf)2LW^J-#A _ ^ ^ 2lm/di -#A( 1 _ 2 -i(i-i)/ d ^ 

d\(A,n) d\(A,n) 

^d)2 Vm/d ^ l)ld ^* A - 

d\(A,n) 



This completes the proof of (a). Part (b) follows similarly. 

As to f(A, [l,m]) and fk{A, [l,m]) we similarly have: 
Theorem 5. If A C [l,m], then 



(6) 



(7) 



□ 



(b) f k (A,[l,m})= E M<0 

d\ gcd(A) 



7(A [|,m])= £ »(d)2^~^* A 

d\ gcd(A) 



I — I — I I — #^4 N 

ldI 1 d J ^ 1 , whenever #A < jfe < m - I + 1. 



We close this section by formulas for relatively prime sets which have a nonempty inter- 
section with A. 



Definition 4. Let 

e(A,B,n) = #{X C B 
e k (A,B,n) = #{XCB 
e(A,B)=#{XCB 
e k (A,B)=#{XCB 



X n A ^ and gcd(X, n) = 1}, 

#X = jfe, X n A ^ 0, and gcd(X, n) = 1}, 

X n A ^ and gcd(X) = 1}, 

#X = jfe, X n A ^ 0, and gcd(X) = 1}. 
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Theorem 6. We have 



e(A,[l,m],n) = £ £ M2^-^-* x , 

®^XCAd\(X,n) 



(b) e k (A,[l,m],n) = ^ ^ ^(d) ( 

raj vr < \ 



0^XCAcZ|pS» 
#X<k 



0^XCA d| gcd(X) 

(«ab)= E E ^i im ~}j}x* X 

th-ivr- A J\ „r.A(v\ \ " 



0^XCA d| gcd(X) 
#X<fc 



Proof. These formulas Follow by Theorems 4, 5 and the facts that 

e(A,[l,m\,n) = ^ $(X,[l,m],n), 



tt^XCA 



e k {A,[l,m],n) = $ k (X,[l,m],n), 



(b^XCA 
#X<k 



e(A,[l,m])= E /(*>M)> 



e fc (A,[Z,m])= E f k {X,[l,m\). 



9^XCA 
#X<k 



□ 
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